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Abstract. Information extracted from L-fuzzy contexts is substantially improved by taking into account different points of
view, which can roughly be represented by criteria. This work addresses the general study of L-fuzzy contexts were a set of
criteria is introduced, analyzing situations in which their evolution over time is known. The relationship among criteria is also
an important point in the study. In this sense, the treatment will vary depending on whether they are independent criteria or there
exists dependency among them. Of special importance will be those elements that stand out for presenting a positive temporal
evolution. Four algorithms are proposed in order to analyze the different situations. Finally, the applicability of the results is
shown thought an example where the opinion of the clients of several hotels is analyzed taking into account both the type of
traveler considered and the different aspects of the establishments on which a score is given.
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1. Introduction
Formal Concept Analysis [22,17] studies the infor-
mation given by a binary relation that represents a for-
mal context (X,Y,R) with X and Y the objects and
the attributes, andR ⊆ X×Y . This information is pro-
vided by means of the formal concepts which are pairs
(A,B) with A ⊆ X and B ⊆ Y , verifying A∗ = B
and B∗ = A, where (·)∗ is the derivation operator.
Each formal concept represents a group of objects A
that shares the attributes of B.
In [9,10] an L-fuzzy context was determined as a tu-
ple (L,X, Y,R), where L is a complete lattice, X and
Y the sets of objects and attributes and R ∈ LX×Y a
fuzzy relation defined among them. This is an exten-
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sion of the formal context of Wille in which the re-
lation among objects and attributes is not binary and
belongs to a complete lattice L. The L-fuzzy concept
analysis has been developed as a tool for knowledge
extraction using L-fuzzy concepts ([4,7,5]).
The relations among objects and attributes can be
seen from different points of view called criteria. L-
fuzzy C-contexts were defined in [13] to represent
these situations.
So far there are no studies that have addressed the
evolution over time of L-fuzzy contexts for which the
relationship between objects and attributes depends on
criteria. These criteria represent relevant points of view
for the study. The possibility of introducing criteria al-
lows to carry out a deeper analysis of the information
stored in the L-context.
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In this work L-fuzzy C-contexts that evolve in time
are studied, using for this purpose different tools of L-
fuzzy context sequences [1,6,8].
To start, in Section 2 important results about aggre-
gation operators and L-fuzzy concept analysis are re-
covered which will be useful in the further develop-
ment of this work.
The rest of the paper is organized as follows: Sec-
tion 3 presents new uses of L-fuzzy contexts associ-
ated with criteria. Two aggregation processes will be
presented: Independent Criteria Aggregation Process
(ICAP) for independent criteria and Dependent Crite-
ria Aggregation Process (DCAP) for dependent ones.
In Section 4 the evolution of these contexts is ana-
lyzed using tools of L-fuzzy context sequences. Gen-
eral Study Process (GSP) and Evolution in Time Study
Process (ETSP) are proposed.
Section 5 illustrates the results by means of a prac-
tical application. In the last section, conclusions and
future work are detailed.
2. Preliminaries
This section recalls some useful aspects about the
different aggregation operators that will be used along
the paper depending on the nature of the aggregated
data.
2.1. Agregation operators
The OWA operators were defined by Yager [23] as
aggregation operators based on the ordered weighted
averaging. Below is the definition of these operators.
Definition 1. [23] Let be L = [0, 1]. A function
Fw : L
n −→ L, is said to be an OWA operator of di-
mension n if there is a n-tuple w = (w1, w2, . . . , wn)
such that wi ∈[0,1] and
∑
1≤i≤n
wi = 1, where
Fw(a1, a2, . . . , an) = w1.b1 + w2.b2 + · · · + wn.bn,
with bi the ith largest element in a1, a2, . . . , an.
In [6] OWA operators were used in the analysis of
fuzzy contexts sequences in order to detect tendencies
in the evolution in time of the contexts.
Later, WOWA operators were introduced in [20].
They merge characteristics of the OWA operators with
others of the weighted means [14,15]. They use two
weighting vectors, w = (w1, w2, . . . , wn) for the
relevance of the values (operator OWA) and p =
(p1, p2, . . . , pn) for the relevance of the sources or ex-
perts.
Definition 2. [20] Given p = (p1, p2, . . . , pn) and
w = (w1, w2, . . . , wn) two vectors of dimension n







wi = 1, a function Fpw :
Rn −→ R is a Weighted Ordered Weighted Averaging
(WOWA) operator of dimension n if:




being {σ(1), . . . , σ(n)} a permutation of {1, . . . , n}
such that aσ(i−1) ≥ aσ(i) for all i ∈ {2, . . . , n} and









with w∗ a monotone increasing function that interpo-
lates the points (i/n,
∑
j≤i wj) and (0,0).
In particular, if ∀i ∈ {1, . . . , n} wi = 1/n, then
the corresponding WOWA is a weighted mean with the
weights p. When pi = 1/n, ∀i ∈ {1, . . . , n}, an OWA
with the weighting vector w is obtained.
WOWA operators have already been used in previ-
ous works [2,3] to aggregate information in L-fuzzy
contexts. In this work, the generalization of WOWA
operators to Choquet integrals [16] will allow to aggre-
gate values taking into account the existing relations
among them.
In order to establish the definition of Choquet in-
tegral is necessary previously to recall the notion of
fuzzy measure [19,21] defined in P(X), the set of
parts of X:
Definition 3. A function µ : P(X) −→ [0, 1] is a
fuzzy measure if and only if the following axioms are
satisfied:
(i) µ(∅) = 0
(ii) µ(X) = 1
(iii) B1 ⊆ B2 ⊆ X implies µ(B1) ≤ µ(B2)
The definition of Choquet integral was reformulated
by Grabisch [18] as follows.
Definition 4. Given a fuzzy measure µ, the Choquet
integral with respect to µ can be expressed as:
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(3)
where {σ(1), . . . σ(N)} is a permutation of {1, . . . , N}
such that aσ(1) ≥ aσ(2) ≥ · · · ≥ aσ(N) and Aσ(k) =
{aσ(j)|j ≤ k}.
It is easy to see that weighted means, OWA and
WOWA operators are special types of Choquet inte-
grals [20].
2.2. L-fuzzy concept analysis
Together with the aggregation operators, it is nec-
essary to recall the principal elements of the L-fuzzy
contexts and their sequences.
In order to obtain information from these L-fuzzy
contexts, were defined in previous papers [9,10,11,12]
the derivation following operators 1 and 2.
A1(y) = inf
x∈X
{I(A(x), R(x, y))}, ∀A ∈ LX (4)
B2(x) = inf
y∈Y
{I(B(y), R(x, y))},∀B ∈ LY (5)
with I a fuzzy implication operator defined in (L,≤).
The information stored in the context is obtained
by means of the L-fuzzy concepts, which are pairs
(A,A1) ∈ LX × LY where A ∈ fix(ϕ), the set
of fixed points of the operator ϕ defined as ϕ(A) =
(A1)2 = A12. These pairs, whose first and second
components are called the fuzzy extension and inten-
sion respectively, represent groups of objects that share
groups of attributes.
The set L = {(A,A1)/A ∈ fix(ϕ)} with the
order relation  defined as: ∀(A,A1), (C,C1) ∈
L, (A,A1)  (C,C1) if A ≤ C( orC1 ≤ A1) is a
complete lattice that is said to be the L-fuzzy concept
lattice [9,10].
Moreover, for A ∈ LX , (or B ∈ LY ) the asso-
ciated L-fuzzy concept can be determined applying
twice the derivation operators. In the case of using a
residuated implication, the associated L-fuzzy concept
is (A12, A1) (or (B2, B21)).
Although the derivation operators can be defined
through any fuzzy implication operator, with the aim
of simplifying the calculations, only residuated impli-
cations defined on L = [0, 1] will be used in this work.
2.3. L-fuzzy context sequences
A first study of the L-fuzzy context sequences de-
fined on L = [0, 1] was tackled in [8]. The main defi-
nitions that appear in that work are showed below.
Definition 5. Let L be a complete lattice. An L-fuzzy
context sequence is a sequence of L-fuzzy contexts
(L,X, Y,Ri), i ∈ {1, . . . , n}, n ∈ N, where X and
Y are said to be the sets of objects and attributes, and
Ri ∈ LX×Y ,∀i ∈ {1, . . . , n}, are L-fuzzy relations
between X and Y.
In order to summarize the information stored in the
L-fuzzy context sequence, the following relation RF
was defined using an OWA operator.
Definition 6. Let (L,X, Y,Ri), i ∈ {1, . . . , n} be an
L-fuzzy context sequence and F an OWA aggregation
operator of dimension n. The relation RF that aggre-
gates the information of the different L-fuzzy contexts
is defined, ∀x ∈ X,∀y ∈ Y as:
RF (x, y) =F (R1(x, y), R2(x, y), . . . , Rn(x, y)) =
= w1.b1 + w2.b2 + · · ·+ wn.bn
(6)
with w = (w1, w2, . . . wn) the weighting tuple as-
sociated with F and bi the ith largest element in
R1(x, y), R2(x, y), . . . Rn(x, y).
In [1] a complete study of the L-fuzzy context se-
quences defined on a complete latticeLwas performed
using OWA operators.
Moreover, the use of WOWA operators allowed to
carry out a proper treatment of the sequence improv-
ing the previously proposed one. In [2] the authors pro-
posed an L-fuzzy relationRFpw to aggregate the infor-
mation of the different fuzzy contexts.
Definition 7. Let (L,X, Y,Ri), i = {1, . . . , n} be
the fuzzy context sequence and Fpw an WOWA aggre-
gation operator with p = (p1, p2, . . . pn) and w =





wi = 1. Then,
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where for every (x, y) we have σxy = {σxy(1), . . . , σxy(n)}
a permutation of {1, . . . , n} such thatRσxy(i−1)(x, y) ≥
Rσxy(i)(x, y) for all i = {2, . . . , n}, and the vector
ωxy given in Definition 2.
In this way, all the contexts of the sequence are com-
bined defining a single RFpw that summarizes the in-
formation of the sequence. The use of two weighting
vectors permits to give greater importance to some ele-
ments considered more representative than others. For
example, a vector p can be chosen to highlight the most
recent contexts, and a vector w to give relevance to the
largest values.
Finally, as an important point in the study ofL-fuzzy
context sequences, in [6] were studied temporal trends
defining Trend and Persistent Formal contexts.
3. Analysis of L-fuzzy contexts associated with
criteria
L-fuzzy C-contexts were defined in [13] as a tool
to represent those situations where the relationship be-
tween objects and attributes can vary depending on the
chosen point of view or criterion. These new contexts
were introduced by means of the following definition.
Definition 8. Consider L = [0, 1] and X , Y and C
the sets of objects, attributes and criteria, respectively.
Let R ∈ LX×Y be an L-fuzzy relation. Then, the tuple
(L,X, Y,R,C) defines an L-fuzzy C-context.
Derivation operators are defined by means of a fuzzy
implication operator I as is shown in the following def-
inition.
Definition 9. Consider U ∈ LC×X , its derived rela-
tion U1 of LC×Y is defined as
U1(z, y) = inf
x∈X
{I(U(z, x), R(x, y))} (8)
Also, consider V ∈ LC×Y , V2 ∈ LC×X is given by
V2(z, x) = inf
y∈Y
{I(V (z, y), R(x, y))} (9)
In [13] was proved that the L-fuzzy C-concepts are
pairs (Û , V̂ ), with Û ∈ LC×X and V̂ ∈ LC×Y , where
applying the derivation operator to one of the relations
the other one is obtained. The meaning of each con-
cept is based on the different rows of the correspond-
ing matrices that form the pair (different criteria). In
that paper was also proved that the set of the L-fuzzy
C-concepts is a complete lattice.
On the other hand, it can be proved that, taking
the L-fuzzy concept (Û , V̂ ) of the L-fuzzy C-context
(L,X, Y,R,C), for each criterion z ∈ C one gets
an L-fuzzy concept (Ûz, V̂ z) of the L-fuzzy context
(L,X, Y,R).
Another important aspect that can be analyzed is ob-
taining an overview of every L-fuzzy C-concept. This
analysis will be carried out differently depending on
the existence of dependencies among the criteria [3].
In the next sections, the problem will be developed
from the point of view of the objects, being also possi-
ble to do a similar analysis for the attributes.
3.1. Independent criteria
Starting from the relationship between objects and
criteria, in order to extract information from the con-
text, one can proceed following the Independent Crite-
ria Aggregation Process (ICAP) (see Algorithm 1).
In this case, WOWA operators can be used since cri-
teria are independent. Vector w is going to be used for
observations and vector p for criteria, giving a greater
value to those observations or criteria that are consid-
ered to be more relevant.
Algorithm 1 Independent Criteria Aggregation Pro-
cess (ICAP)
Inputs:
1: (L,X, Y,R,C) : L-fuzzy C-context.
2: U ∈ LC×X : starting L-fuzzy relation.
3: Fpw : WOWA operator of dimension l = |C| as-
sociated with p and w.
Output: Aggregated pair (Ū , V̄ ) ∈ LX × LY .
Steps:
1: Obtain the L-fuzzyC-concept (Û , V̂ ) ∈ LX×LY
derived from U ∈ LC×X .
2: Aggregate the rows of the L-fuzzy C-concept
(Û , V̂ ) using Fpw and defining the pair (Ū , V̄ ) ∈
LX × LY .
Ū(x) =Fpw(Û(z1, x), Û(z2, x), . . . Û(zl, x))
V̄ (y) =Fpw(V̂ (z1, y), V̂ (z2, y), . . . V̂ (zl, y))
Remark 1. On most occasions, the obtained pair
(Ū , V̄ ) ∈ LX × LY will not be an L-fuzzy concept of
the L-fuzzy context (L,X, Y,R). Moreover, different
results can be obtained changing the chosen weighting
vectors for the definition of the operator Fpw.
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The advantage of using WOWA operators Fpw with
two vector of weights, p for the criteria and w for the
observations, is the possibility of establishing different
nuances in the study.
3.2. Dependent criteria
The L-fuzzy C-concepts represent the relationship
between objects and attributes from different points of
view.
To complete the study from these L-fuzzy C-
concepts, in the previous section criteria have been as-
sumed to be independent. In the case of working with
dependent criteria, better results could be obtained if
those criteria with strongest dependencies among them
were combined instead of being treated in isolation.
Following this idea, the use of Choquet integrals
was proposed in [3] to aggregate the values of the L-
fuzzy C-concept (Û , V̂ ) derived from U ∈ LC×X .
The novelty in the present paper is a new measure that
simplifies calculations which is defined below.
For every zk, k ∈ {1, . . . , l}, represented by an L-
fuzzy set zk such that zk(zk) = 1 and zk(z) = 0
if z 6= zk, its associated L-fuzzy concept Ck can be
obtained in the L-fuzzy context (L,C,X, F ).
Then, for every 0 < α ≤ 1, the set Tα(Ck) of α-
criteria associated with Ck is defined as:
Tα(Ck) = {zi ∈ C | memb(zi, Ck) ≥ α} (10)
Fixed α ∈ (0, 1], and using these sets of α-criteria,
a measure can be defined on the set C.
Definition 10. For any A ⊆ C, the α-measure µα
is defined as the number of sets Tα(Ck) to which the





where Tα = {Tα(Ck), k ≤ l | A
⋂
Tα(Ck) 6= ∅}.
Dependencies among criteria can be represented by
a graph GαC = (C, EαC) which nodes are the criteria of
the context. The edge (zi, zj) ∈ EαC is in the graph if
zi ∈ TαCj or zj ∈ T
α
Ci . That is, the criteria zi and zj
are connected by an edge if there exists a relationship
between them at least of level α.
Thus, if for every i, j ≤ l one denotes by αij =
max{memb(zi, Cj),memb(zj , Ci)}, then the adja-
cency matrix Aα of the graph GαC is:
Aα(i, j) =
{
1 if αij ≥ α
0 otherwise
(12)
As it is well known, the ij’th entry of the matrix Azα
represents the number of walks of length z connecting
the nodes zi and zj . Therefore, the graph GαC will be a
connected graph if and only if the accessibility matrix
Pα = Aα +A
2
α + · · ·+Al−1α has no zero elements.
With the purpose of aggregating the information
provided by the different criteria, it will be used the
maximum level for which all the criteria are depen-
dent among them, that is, the maximum value α̂ such
that the graph Gα̂C is connected. It should be noted that
α̂ ∈ {αij | j > i}.
The actions to be done in order to aggregate the cri-
teria are described in the Dependent Criteria Aggrega-
tion Process (DCAP) (see Algorithm 2).
Remark 2. As it happens in the previous case, the pair
(Ū , V̄ ) ∈ LX ×LY is not necessarily an L-fuzzy con-
cept of the L-fuzzy context (L,X, Y,R).
4. Analysis of the evolution of contexts associated
with criteria
The next step consists in dealing with relations be-
tween objects and attributes associated with criteria
that may vary with the passage of time. In order to
model these situations contexts sequences will be used,
which are defined as follows.
Definition 11. Let L = [0, 1] be a complete lattice. An
L-fuzzy context sequence associated with criteria is a
sequence of tuples (L,X, Y,Ri, C), i ∈ {1, . . . , n},
n ∈ N, with X,Y and C sets of objects, attributes
and criteria and Ri ∈ LX×Y , for all i ∈ {1, . . . , n},
L-fuzzy relations between X and Y.
These L-fuzzy context sequences are special be-
cause they are associated with a set of criteria C that
represent points of interest in the study. However, all
the developments defined in [8] can be used.
The study of the evolution of the relationship be-
tween objects X and attributes Y taking into ac-
count the criteria C can be addressed in two differ-
ent ways. First, one can build an aggregated context
for the L-fuzzy C-context sequence. Second, keep-
ing the sequence to analyze different moments in
time. In the last case, for every L-fuzzy C-context
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Algorithm 2 Dependent Criteria Aggregation Process
(DCAP)
Inputs:
1: (L,X, Y,R,C) : L-fuzzy C-context.
2: U ∈ LC×X : starting L-fuzzy relation.
Output: Aggregated pair (Ū α̂, V̄ α̂) ∈ LX × LY .
Steps:
1: Obtain the L-fuzzyC-concept (Û , V̂ ) ∈ LX×LY
derived from U ∈ LC×X .
2: for k = 1 to l do
3: Obtain Ck the L-fuzzy concept derived of zk in
the L-fuzzy context (L,C,X, F ).
4: end for
5: for i = 1 to l do
6: for j = i to l do
7: Calculate αij =
max{memb(zi, Cj),memb(zj , Ci)}.
8: end for
9: end for
10: for all α ∈ {αij | j > i} do
11: Define the matrix Aα.
12: Calculate Pα = Aα +A2α + · · ·+Al−1α .
13: end for
14: Obtain α̂ = max{α | Pα has no zero elements}.
15: for k = 1 to l do
16: Calculate the set T α̂(Ck) = {zi ∈ C |
memb(zi, Ck) ≥ α̂}.
17: end for
18: Define the α̂-measure µα̂.
19: Use the Choquet integral associated with µα̂ to
obtain the pair of L-fuzzy sets (Ū α̂, V̄ α̂) ∈
LX × LY , aggregating the rows of the L-Fuzzy
C-concept (Û , V̂ ) associated with the different
zk, k ∈ {1, . . . , l}:
Ū α̂(x) = Chµα̂(U(z1, x), U(z2, x), . . . U(zl, x))
V̄ α̂(y) = Chµα̂(V (z1, y), V (z2, y), . . . V (zl, y))
(L,X, Y,Ri, C), i ∈ {1, . . . , n} of the sequence, it is
possible to obtain the L-fuzzy C-concepts that repre-
sent the relationship between objects and attributes in
a fixed moment, taking into account the different crite-
ria.
In general, the moment from which the values are
aggregated will be chosen looking for a simplification
of the process, at the cost of losing interesting nuances
such as the evolution of the relationship over time or
information provided by different criteria. The follow-
ing sections show how to do it.
4.1. Aggregated L-fuzzy context associated with
criteria
The information underlying in an L-fuzzy context
sequence (L,X, Y,Ri), i ∈ {1, . . . , n}, may depend
on which is the valuation of the objects X taking into
account the different criteria C. Representing this val-
uation by an L-fuzzy relation U ∈ LC×X , the re-
lationship among objects and attributes can be ana-
lyzed from different points of view by means of the L-
fuzzy C-concepts of the L-fuzzy C-context sequence
(L,X, Y,Ri, C), i ∈ {1, . . . , n}.
As a first approximation, a general idea can be
obtained aggregating the L-fuzzy C-contexts of the
sequence, using techniques of L-fuzzy contexts se-
quences. After that, it will be calculated the L-fuzzy
C-concept associated with U in the new context, from
which one can extract information.
The entire process is collected in the General Study
Process (GSP) (see Algorithm 3).
4.2. Evolution in time of the L-fuzzy context
associated with criteria
Aggregating the different L-fuzzy contexts of the
sequence, relevant information relative to the different
moments of the study can be lost. For this reason, a fur-
ther complementary study is needed in order to main-
tain the information associated with each value of the
sequence until the end of the process.
In this second step, the evolution of the relationship
among objects and attributes will be analyzed from the
point of view of each criterion. Specifically, the anal-
ysis will focus on those objects and attributes whose
membership degrees grow in the L-fuzzy concepts as-
sociated with a certain criterion.
Starting from the L-fuzzy context sequence associ-
ated with criteria and the L-fuzzy relation U ∈ LC×X
representing the relationship between objects X and
different criteria C, the actions to be performed are de-
scribed in the Evolution in Time Study Process (ETSP)
(see Algorithm 4).
Note that the pairs (Ûzki , V̂
zk
i ) are L-fuzzy concepts
(see [13]) associated with the criteria zk in the L-fuzzy
contexts (L,X, Y,Ri), i ∈ {1, . . . , n}.
The following definition will be helpful in the study
of the different criteria.
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Algorithm 3 General Study Process (GSP)
Inputs:
1: (L,X, Y,Ri, C), i = {1, . . . , n}: L-fuzzy C-
context sequence.
2: U ∈ LC×X : starting L-fuzzy relation
3: Fpw : WOWA operator of dimension n associated







Output: Aggregated pair (Ū , V̄ ) ∈ LX × LY .
Steps:
1: Aggregate the L-fuzzy context sequence using an
WOWA aggregation operator Fpw :
RFpw(x, y) = Fpw(R1(x, y), R2(x, y), . . . Rn(x, y))
2: Obtain the L-fuzzyC-concept (Û , V̂ ) ∈ LX×LY
derived from U ∈ LC×X in (L,X, Y,RFpw , C).
3: if dependent criteria then
4: Choose a Choquet integral as aggregation oper-
ator aggr
5: else
6: Choose a WOWA operator as aggregation oper-
ator aggr
7: end if
8: Aggregate the values of the L-fuzzy C-concept
associated with each criteria with the aggregation
operator (steps 3-7) obtaining the pair (Ū , V̄ ) ∈
LX × LY
Ū(x) = aggr(Û(z1, x), Û(z2, x), . . . Û(zl, x))
V̄ (y) = aggr(V̂ (z1, y), V̂ (z2, y), . . . V̂ (zl, y))
Definition 12. Let be zk ∈ C, k ∈ {1, . . . , l} and let
(Ûzki , V̂
zk
i ) ∈ LX ×LY be the L-fuzzy concepts asso-
ciated with zk in the different contexts of the sequence.
An object x ∈ X is said to be capital for criterion zk
if Ûzki (x) ≤ Û
zk
i+1(x), for all i ∈ {1, . . . , n− 1}.
In order to obtain a general overview of the L-fuzzy
concepts (Ûzki , V̂
zk
i ), criteria can be aggregated defin-
ing a sequence of pairs (Ūi, V̄i) ∈ LX × LY , i ∈
{1, . . . , n}. Then, it is possible to define capital objects
as follows.
Definition 13. Let be (Ūi, V̄i) ∈ LX × LY , i ∈
{1, . . . , n}. An object x ∈ X is said to be capital if
Ūi(x) ≤ Ūi+1(x), for all i ∈ {1, . . . , n− 1}.
Algorithm 4 Evolution in Time Study Process (ETSP)
Inputs:
1: (L,X, Y,Ri, C), i = {1, . . . , n}: L-fuzzy C-
context sequence.
2: U ∈ LC×X : starting L-fuzzy relation.
Output: L-fuzzy C-concept sequence (Ûzki , V̂
zk
i ) ∈
LX × LY , i ∈ {1, . . . , n}.
Steps:
1: for i = 1 to n do
2: Obtain the L-fuzzy C-concepts (Ûi, V̂i),∈
LC×X × LC×Y of the L-fuzzy C-context
(L,X, Y,Ri, C).
3: for k = 1 to l do
4: Define the L-fuzzy C-concepts
(Ûzki , V̂
zk
i ),∈ LX × LY :
Ûzki (x) = Ûi(zk, x)
V̂ zki (y) = V̂i(zk, y)
5: end for
6: end for
As was explained at the beginning of the paper, the
study has been carried out from the point of view of the
objects but, taking as a starting point a set of attributes
V ∈ LC×Y , capitals attributes can be also defined.
Definition 14. Let be zk ∈ C, k ∈ {1, . . . , l} and let
(Ûzki , V̂
zk
i ) ∈ LX ×LY be the L-fuzzy concepts asso-
ciated with zk in the different contexts of the sequence.
An attribute y ∈ Y is said to be capital for criterion
zk if V̂
zk
i (y) ≤ V̂
zk
i+1(y), for all i ∈ {1, . . . , n− 1}.
Definition 15. Let be (Ūi, V̄i) ∈ LX × LY , i ∈
{1, . . . , n}. An attribute y ∈ Y is said to be capital if
V̄i(y) ≤ V̄i+1(y), for all i ∈ {1, . . . , n− 1}.
These capitals objects and attributes are the promi-
nent elements of the study. On the other hand, the fact
that an object or attribute is capital does not imply that
it is so for all criteria.
5. Practical application
With the aim of illustrating the applicability of the
developed results, this section analyzes the degree of
satisfaction of the guests who have stayed in several
hotels located in the center of the city of Munich, as
well as the evolution of their opinions over time.
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The data have been obtained from the well-known
websites Booking and Trivago, and normalized to the
interval [0, 1].
The information is stored in an L-fuzzy context se-
quence (L,X, Y,Ri, C), i ∈ {1, . . . , 4}, that repre-
sents the average score given to the hotels (X) by each
type of guest (Y ) throughout one year (from June 2017
to May 2018). This sequence is represented in Table 1.
The considered sets of objects and attributes are the
following ones:
X = {x1 : Uhland, x2 : Trip, x3 : Brack,
x4 : Schweiz, x5 : Cocoon Sendlinger,
x6 : Bavaria Boutique}
Y = {y1 : families, y2 : couples, y3 : solo travelers,
y4 : business travelers, y5 : groups of friends}
The objective is to find those hotels that have ob-
tained a better score and also to analyze which of them
have maintained or increased their rating over time. To
do this, a set C of criteria will taken into account. In
this case, the considered criteria are the different fea-
tures that have been subject to assessment in the satis-
faction survey:
C = {z1 : location, z2 : rooms, z3 : services,
z4 : cleanliness, z5 : value per price}
Criteria will initially be supposed to be independent,
to further consider their dependence on a later stage.
First, a relation RFpw is obtained which summa-
rizes the information in gathered in the sequence using
WOWA operators.
The values are aggregated using the weighting vec-
tor p = (0.1, 0.2, 0.3, 0.4), in order to make the most
recent opinions more relevant, and the vector w =
(0.4, 0.3, 0.2, 0.1) to give greater weight to the highest
ratings. The resulting relation is given in Table 2.
Then, considering the relation U ∈ LC×X , which
represents the average score obtained by each hotel in
the different criteria or features that have been assessed
in the query (see Table 3), it is possible to obtain the
associated L-fuzzy C-concept (Û , V̂ ) represented in
Table 4.
From this L-fuzzy C-concept (Û , V̂ ) the following
information can be deduced:
– Hotels Uhland (x1), Brack (x3) and Bavaria Bou-
tique (x6) have obtained good ratings in all the
features from families (y1) and solo travelers (y3).
– Groups of friends (y5) have also given high scores
to these three hotels in rooms (z2) and, to a lesser
extent, in cleanliness (z4).
In addition, if the criteria are supposed to be in-
dependent among them, resumed information can be
obtained aggregating the rows of the L-fuzzy C-
concept corresponding to the different criteria through
a WOWA operator. In this case, the used weight-
ing vectors are p = (0.2, 0.2, 0.2, 0.2, 0.2), in order














to emphasize those opinions
that have given the highest scores.
In this case, the result of aggregating the observa-
tions in the L-fuzzy C-concept (Û , V̂ ) is the following
one:
(Ū , V̄ ) = ({x1/0.99, x2/0.84, x3/0.99, x4/0.72,
x5/0.84, x6/0.99}, {y1/0.89, y2/0.79, y3/0.91,
y4/0.85, y5/0.85})
This result can be interpreted to mean that the hotels
Uhland (x1), Brack (x3) and Bavaria Boutique (x6)
have received the best scores, particularly from solo
travelers (y3). Families (y1) and, to a lesser extent,
business travelers (y4) and groups of friends (y5) have
also given good ratings to these hotels.
More accurate information could be obtained con-
sidering dependencies among criteria. In this case, one
can apply the Dependent Criteria Aggregation Process
(DCAP) described in Algorithm 2 starting from the re-
lation U ∈ LX×Y that collects the average ratings ob-
tained for each hotel in the different analyzed features.
First of all, the derived L-fuzzy concept Ck in the
L-fuzzy context (L,C,X,U) is obtained for every cri-
iteria zk, k ∈ {1, . . . , 5}. The extensions of these L-
fuzzy concepts are:
C1 :{z1/1, z2/0.86, z3/0.99, z4/0.93, z5/0.89}
C2 :{z1/1, z2/1, z3/1, z4/1, z5/0.97}
C3 :{z1/0.95, z2/0.83, z3/1, z4/0.93, z5/0.9}
C4 :{z1/0.95, z2/0.86, z3/0.99, z4/1, z5/0.9}
C5 :{z1/1, z2/0.92, z3/1, z4/0.99, z5/1}
The maximum value of α that provides a connected
graph is α̂ = 1 (see Figure 1), for which the sets of
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Table 1
L-fuzzy context sequence.
June - August September - November
R1 y1 y2 y3 y4 y5 R2 y1 y2 y3 y4 y5
x1 0. 87 0. 89 0. 87 0. 67 0. 89 x1 0. 91 0. 85 0. 87 0. 86 0. 86
x2 0. 65 0. 68 0. 68 0. 63 0. 63 x2 0. 69 0. 65 0. 58 0. 5 0. 7
x3 0. 85 0. 82 0. 86 0. 8 0. 89 x3 0. 85 0. 79 0. 84 0. 87 0. 94
x4 0. 56 0. 44 0. 61 0. 43 0. 49 x4 0. 19 0. 46 0. 56 0. 5 0. 53
x5 0. 71 0. 73 0. 83 0. 74 0. 81 x5 0. 65 0. 74 0. 79 0. 63 0. 78
x6 0. 87 0. 88 0. 82 0. 91 0. 86 x6 0. 84 0. 89 0. 89 0. 92 0. 88
December - February March - May
R3 y1 y2 y3 y4 y5 R4 y1 y2 y3 y4 y5
x1 0. 91 0. 93 0. 86 0. 78 0. 88 x1 0. 88 0. 9 0. 9 0. 91 0. 86
x2 0. 65 0. 67 0. 64 0. 67 0. 65 x2 0. 72 0. 72 0. 84 0. 72 0. 74
x3 0. 92 0. 87 0. 81 0. 73 0. 85 x3 0. 87 0. 85 0. 96 0. 85 0. 84
x4 0. 56 0. 39 0. 67 0. 63 0. 55 x4 0. 75 0. 49 0. 4 0. 41 0. 48
x5 0. 71 0. 73 0. 85 0. 64 0. 69 x5 0. 68 0. 76 0. 74 0. 69 0. 72
x6 0. 92 0. 9 0. 93 0. 92 0. 93 x6 0. 91 0. 88 0. 89 0. 92 0. 95
Table 2
Relation that summarizes the sequence
RFpw y1 y2 y3 y4 y5
x1 0.90 0.91 0.89 0.87 0.87
x2 0.70 0.70 0.76 0.68 0.71
x3 0.89 0.85 0.91 0.84 0.88
x4 0.64 0.47 0.58 0.53 0.52
x5 0.70 0.75 0.81 0.68 0.75
x6 0.91 0.89 0.91 0.92 0.93
Table 3
Average score of the hotels in each feature
U x1 x2 x3 x4 x5 x6
z1 0.87 0.8 0.89 0.75 0.86 0.87
z2 0.85 0.72 0.77 0.61 0.78 0.86
z3 0.9 0.79 0.94 0.75 0.86 0.92
z4 0.91 0.79 0.91 0.68 0.85 0.92
z5 0.84 0.69 0.85 0.69 0.78 0.84
α-criteria are the following ones.
T 1(C1) = {z1}
T 1(C2) = {z1, z2, z3, z4}
T 1(C3) = {z3}
T 1(C4) = {z4}
T 1(C5) = {z1, z3, z5}
Fig. 1. Graph obtained from the set of criteria when α = 1
For this value α̂ = 1 the associated measure µα̂ is
the one in Table 5.
Then, taking the measure µα̂, the result of aggregat-
ing through Choquet integral is the following one:
(Ū , V̄ ) = ({x1/0.99, x2/0.86, x3/1, x4/0.74,
x5/0.86, x6/1}, {y1/0.87, y2/0.77, y3/0.88,
y4/0.83, y5/0.82})
From the pair (Ū , V̄ ) can be concluded that, taking
into account the dependencies among criteria, the three
best scored hotels are Uhland, Brack and Bavaria Bou-
tique, being a little worse result in the case of Uhland
Hotel. Scores given by business travelers and groups
of friends have also been good, being a little higher in
the case of business travelers.
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Table 4
L-fuzzy C-concept (Û , V̂ )
Û x1 x2 x3 x4 x5 x6 V̂ y1 y2 y3 y4 y5
z1 1 0.86 1 0.75 0.86 1 z1 0.84 0.72 0.83 0.78 0.77
z2 0.92 0.78 0.94 0.61 0.78 0.94 z2 0.92 0.86 0.97 0.90 0.91
z3 1 0.86 1 0.75 0.86 1 z3 0.84 0.72 0.83 0.78 0.77
z4 0.99 0.85 1 0.68 0.85 1 z4 0.85 0.79 0.90 0.83 0.84
z5 0.98 0.78 0.97 0.69 0.78 0.99 z5 0.92 0.78 0.89 0.84 0.83
Table 5
Values of the measure µα̂ defined on the set of criteria
A {z1} {z2} {z3} {z4} {z5} {z1, z2} {z1, z3} {z1, z4} {z1, z5}
µα̂(A) 0.6 0.2 0.6 0.4 0.2 0.6 0.8 0.8 0.6
A {z2, z3} {z2, z4} {z2, z5} {z3, z4} {z3, z5} {z4, z5} {z1, z2, z3}
µα̂(A) 0.6 0.4 0.4 0.8 0.6 0.6 0.8
A {z1, z2, z4} {z1, z2, z5} {z1, z3, z4} {z1, z3, z5} {z1, z4, z5}
µα̂(A) 0.8 0.6 1 0.8 0.8
A {z2, z3, z4} {z2, z3, z5} {z2, z4, z5} {z3, z4, z5} {z1, z2, z3, z4}
µα̂(A) 0.8 0.6 0.6 0.8 1
A {z1, z2, z3, z5} {z1, z2, z4, z5} {z1, z3, z4, z5} {z2, z3, z4, z5} C
µα̂(A) 0.8 0.8 1 0.8 1
As has been explained before, another option is to
work with each of the context in the sequence and,
starting from U ∈ LC×X , obtain similar information
for each of trimester that were are analyzing. The cal-
culated L-fuzzy C-concepts are showed in Table 6.
Aggregating the values corresponding to the differ-
ent criteria in each of the L-fuzzy C-concepts, taking
into account the dependencies among them, the pairs
showed in Table 7 are obtained associated with the
considered four trimesters.
From these pairs can be concluded that:
– In the period from June to August 2017 Brack
Hotel (x3) was the best rated and the highest
scores came from solo travelers (y3).
– From September to November again Brack Hotel,
but also Uhland (x1) and Bavaria Boutique (x6)
received the highest scores, particularly by groups
of friends (y5).
– In the next trimester, were Uhland (x1) and
Bavaria Boutique (x6) the best rated hotels and
the costumers who gave the highest scores were
solo travelers (y3).
– From March to May 2018 again Uhland (x1),
Bavaria Boutique (x6) and Brack (x3) were the
most valued hotels but, in that occasion, best rat-
ings were given by families (y1).
It is also possible to analyze which hotels have seen
improved their assessments concerning with the differ-
ent considered features. The capital objects for each
criterion are in this situation the following ones:
– Considering the location (z1) and services (z3),
the capital hotels have been Uhland (x1), Schweiz
(x4) and Bavaria Boutique (x6).
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Table 6
L-fuzzy C-concepts
Û1 x1 x2 x3 x4 x5 x6 V̂1 y1 y2 y3 y4 y5
z1 0.99 0.82 1 0.75 0.9 0.96 z1 0.81 0.69 0.86 0.68 0.74
z2 0.85 0.72 0.9 0.61 0.78 0.86 z2 0.93 0.83 0.96 0.82 0.88
z3 0.99 0.82 1 0.75 0.9 0.96 z3 0.81 0.69 0.86 0.68 0.74
z4 0.92 0.79 0.97 0.68 0.85 0.93 z4 0.86 0.76 0.89 0.75 0.81
z5 0.93 0.76 0.94 0.69 0.84 0.9 z5 0.87 0.75 0.92 0.74 0.8
Û2 x1 x2 x3 x4 x5 x6 V̂2 y1 y2 y3 y4 y5
z1 1 0.8 1 0.75 0.93 1 z1 0.44 0.71 0.78 0.7 0,78
z2 0.94 0.72 0.94 0.61 0.85 0.96 z2 0.58 0.85 0.86 0.78 0.92
z3 1 0.79 1 0.75 0.92 1 z3 0.44 0.71 0.79 0.71 0.78
z4 1 0.79 1 0.68 0.92 1 z4 0.51 0.78 0.79 0.71 0.85
z5 1 0.79 0.97 0.69 0.82 1 z5 0.5 0.77 0.87 0.81 0.84
Û3 x1 x2 x3 x4 x5 x6 V̂3 y1 y2 y3 y4 y5
z1 1 0.8 0.95 0.75 0.86 1 z1 0.81 0.64 0.84 0.78 0.8
z2 0.92 0.72 0.87 0.61 0.78 0.99 z2 0.93 0.78 0.92 0.86 0.91
z3 1 0.79 0.95 0.75 0.86 1 z3 0.81 0.64 0.85 0.78 0.8
z4 0.99 0.79 0.94 0.68 0.85 1 z4 0.86 0.71 0.85 0.79 0.84
z5 0.91 0.69 0.86 0.69 0.78 0.98 z5 0.87 0.7 0.95 0.86 0.86
Û4 x1 x2 x3 x4 x5 x6 V̂4 y1 y2 y3 y4 y5
z1 1 0.9 1 0.75 0.86 1 z1 0.82 0.74 0.65 0.66 0.73
z2 0.98 0.82 0.97 0.61 0.78 1 z2 0.9 0.88 0.79 0.8 0.87
z3 1 0.9 1 0.75 0.86 1 z3 0.82 0.74 0.65 0.66 0.73
z4 1 0.89 1 0.68 0.85 1 z4 0.83 0.81 0.72 0.73 0.8
z5 0.98 0.82 0.97 0.69 0.78 1 z5 0.9 0.8 0.71 0.72 0.79
Table 7
Pairs associated with the trimesters
(Ū1, V̄1) = ({x1/0.98, x2/0.81, x3/0.99, x4/0.74, x5/0.89, x6/0.95}, {y1/0.86, y2/0.74, y3/0.9, y4/0.73, y5/0.79})
(Ū2, V̄2) = ({x1/1, x2/0.8, x3/1, x4/0.74, x5/0.93, x6/1}, {y1/0.49, y2/0.76, y3/0.82, y4/0.74, y5/0.83})
(Ū3, V̄3) = ({x1/1, x2/0.8, x3/0.95, x4/0.74, x5/0.86, x6/1}, {y1/0.86, y2/0.69, y3/0.88, y4/0.81, y5/0.84})
(Ū4, V̄4) = ({x1/1, x2/0.9, x3/1, x4/0.74, x5/0.86, x6/1}, {y1/0.85, y2/0.79, y3/0.7, y4/0.71, y5/0.78})
– Those hotels that have improved their ratings cor-
responding to rooms (z2) and cleanliness (z4) are
Trip (x2), Schweiz (x4) and Bavaria Boutique
(x6).
– Schweiz Hotel (x4) is the only one that have kept
its rating related to value per price (z5).
Finally, calculating the capital objects, can be con-
cluded that Uhland (x1) and Bavaria Boutique (x6) ho-
tels have improved their average rating and, in the case
of Schweiz Hotel (x4), this score has remained con-
stant throughout the year.
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6. Conclusions and future work
This work has focused on different and complemen-
tary ways of studyingL-fuzzy contexts associated with
criteria where the evolution in time is known. In gen-
eral, the selection of the most appropriate one will de-
pend on the nature of the criteria and the interest of the
study. It will be studied in each practical application.
Specifically, two different studies have been pro-
posed. The first one consists on build an aggregated
context looking for a simplification of the process. The
second one keeps the sequence obtaining interesting
nuances such as the evolution of the relationship over
time or the differences between the criteria.
This extension of the L-fuzzy Concept Analysis in-
creases its applicability to real situations as has been
illustrated by the practical case proposed in section 5.
In a future work, sets of criteria will be analyzed
for which some of their elements are dependent on
each other and others are not. Another interesting is-
sue to be addressed deals with working with different
measures, especially with those measures that are ad-
ditive, as well as analyzing the possible influence that
the change of the measure may have on the obtained
results.
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